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Abstract. In a previous paper the authors developed a H 1 — BMO theory for 
unbounded metric measure spaces (M, p, fi) of infinite measure that are locally 
doubling and satisfy two geometric properties, called "approximate midpoint" 
property and "isoperimetric" property. In this paper we develop a similar 
theory for spaces of finite measure. We prove that all the results that hold in 
the infinite measure case have their counterparts in the finite measure case. 
Finally, we show that the theory applies to a class of unbounded, complete 
Riemannian manifolds of finite measure and to a class of metric measure spaces 
of the form (R d , p v , fi v ) , where dp v = e~ v dx and p v is the Riemannian 
metric corresponding to the length element ds 2 = (1 + | V(/3|) 2 ( dx\ + - ■ ■+ drr 2 ,). 
This generalizes previous work of the last two authors for the Gauss space. 



1. Introduction 

In [CMM] the authors developed a H 1 — BMO theory on unbounded metric 
measure spaces (M, p, fx) that are locally doubling and satisfy two additional "geo- 
metric" properties, called approximate midpoint (AM) property and isoperimetric 
(I) property. Roughly speaking, a space satisfies (AM) if its points do not become 
too sparse at infinity and satisfies (I) if a fixed ratio of the measure of any bounded 
set is concentrated near the boundary. 

For each scale parameter b in R + , we defined the spaces H^(fi) and BMOb(p) 
much as in the classical case of spaces of homogeneous type, in the sense of Coif- 
man and Weiss [CWj , the only difference being that the balls involved have at most 
radius b. Then we showed that these spaces do not depend on the scale 6, at least 
if b is sufficiently large, and that all the classical results that hold on spaces of 
homogeneous type, such as a John-Nirenberg inequality, the H 1 ^) — BMO(ijl) du- 
ality, complex interpolation, hold for these spaces. Moreover these spaces provide 
end-point estimates for some interesting singular integrals which arise in various 
settings. We also showed that the theory applies to noncompact complete Rie- 
mannian manifolds with Ricci curvature bounded from below and strictly positive 
spectrum, e.g. to noncompact Riemannian symmetric spaces. 

In |CMM] we focused on the case where n{M) = oo. In this paper we tackle 
the case where (m(M) < oo. In this case we must modify slightly the isoperimet- 
ric property, by assuming that, instead of of (I), M satisfies the complementary 
isoperimetric property (Ig ). Roughly speaking, M satisfies property (Ig ) if there 
exists a ball Bq such that a fixed ratio of the measure of any open set contained in 
M \ Bq is concentrated near the boundary of the set. 
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When /x(M) is finite, the definitions of the atomic Hardy space H 1 ^) and the 
space BMO(fi) of functions of bounded mean oscillation are quite similar to those 
of the corresponding spaces in the infinite measure case considered in [CMMj . 

To be specific, for each b in R + denote by Bb the collection of balls of radius 
at most b. The constant b may be thought of as a "scale parameter" , and the 
balls in Bb are called admissible balls at the scale b. An atom a is either the 
exceptional atom l//i(M) or a function in L 1 ^) supported in a ball B which 
satisfies an appropriate "size" and cancellation condition. Fix a sufficiently large 
"scale parameter" b in R + (how large depends on the constants that appear in 
the definition of the (AM) property). Then H 1 {ijl) is the space of all functions in 
i x (/i) that admit a decomposition of the form ■ Xj aj, where the dj's are atoms 
supported in balls in Bb or the exceptional atom, and the sequence of complex 
numbers {A^} is summable. 

A locally integrable function / is in BMO(n) if it is in I/ 1 (/u) and 



where the supremum is taken over all balls B in Bb, and Jb denotes the average of 
/ over B. This definition of BAIO(n) is inspired by previous work of A. Ionescu 
PP, who defined a similar space on rank one noncompact symmetic spaces. 

We prove that these spaces indeed do not depend on the parameter b, that the 
topological dual of H 1 ^) is isomorphic to BMO(n) and an inequality of John 
Nircnberg type holds for functions in BMO(n). Furthermore, the spaces L p (fj,) are 
intermediate spaces between H 1 ^) and BMO(^l) for the complex interpolation 
methods. It is worth observing that some important operators, which are bounded 
on L p (n) for all p in (l,oo), but otherwise unbounded on L 1 ^) and on i°°(/x), 
turn out to be bounded from H 1 (fj,) to L 1 ^) and from L°°(/i) to BMO(n). 

Some of the proofs of these results require only simple adaptations of the proofs 
of the analogous results in [CMMj . In these cases we shall briefly indicate the 
variations needed. Other proofs, like those of the duality and the interpolation 
results, require more substantial changes, and we give full details. 

In Section [7] we show that our theory applies to unbounded complete Riemannian 
manifolds M of finite volume with Ricci curvature bounded from below such that 
Cheeger's isoperimetric constant h(M) is strictly positive. It is well known that, 
on such manifolds, Cheeger's constant is strictly positive if and only if the Laplace- 
Beltrami operator £ on M has spectral gap, i.e. if and only if is an isolated 
eigenvalue of £ on L 2 {\i). 

In [MM] G. Mauceri and S. Meda defined an atomic Hardy space H 1 ^) and a 
space BMO{^f) of functions of bounded mean oscillation associated to the Gauss 
measure &y(x) = c~l x dx on R d . We recall briefly the definitions of these spaces. 
For each scale parameter b we denote by Bj the set of all Euclidean balls B in M. d 
such that 



where cb and tb denote the centre and the radius of B respectively. Now, H 1 ^) is 
defined as H 1 ^) above, but with the family of admissible balls Bb replaced by B^ , 
and similarly for BMO(j). In [MM] the authors proved that H 1 ^) and BMO(-f) 
possess the analogues of the properties enumerated above for i? 1 (/x) and BMO(ji). 
They also showed that some important operators related to the Ornstein-Uhlenbeck 




r B < b min(l, 1/ |c B |), 
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operator on ~R d that are bounded on L p (j) for all p in (l,oo), but otherwise un- 
bounded on L 1 ^) and on L°°(7), are be bounded from H (j) to L 1 ^) and from 
L°°(7) to 5MO( 7 ). 

It may be worth observing that the measured metric space (R d ,p, 7), where p 
denotes the Euclidean distance, has finite measure and is not locally doubling. 

The definition of the class B^ of admissible balls in MM suggests that on the 
Gauss space (R d , p, 7) the Euclidean metric p should be replaced by the Riemannian 
metric associated to the length element ds 2 = (1 + |x|) 2 ( dccf + ■ ■ • + dx 2 ,). 

In Section [H] we exploit and generalize this idea, by considering metric measure 
spaces of the form (R d , p v , p v ) where ip is a function in C 2 (R d ), p v is the Riemann- 
ian metric on R d defined by the length element ds 2 = (1 + | V</j|) 2 ( Ax\ + ■ ■ ■ + da; 2 ) 
and dp v = e v dA, where A is the Lebesgue measure on R d . We prove that, if the 
function ip satisfies appropriate conditions, the space (R d , p Vl p v ) is locally doubling 
and satisfies properties (AM) and (Ig ). 

Finally, we recall that Hardy spaces and spaces of functions of bounded mean 
oscillation have recently been studied on various nondoubling metric measure spaces 
[MMNOl INTVl ITol [V] . We point out that our spaces are different and that they 
provide end-point estimates for singular integrals which do not satisfy the standard 
Calderon-Zygmund estimates at infinity, still mantaining the important property 
that the complex interpolation spaces between H 1 (p) and BMO(p) are the spaces 
W{p). 

2. Geometric assumptions 

Suppose that (M, p, p) is a metric measure space and denote by B the family of 
all balls in M. We assume that < p(M) < 00. For each B in B we denote by Cb 
and Tb the centre and the radius of B respectively. Furthermore, for each n > 0, 
we denote by kB the ball with centre Cb and radius urs- For each b in R + , we 
denote by Bb the family of all balls B in B such that rs < b. For any subset A of 
M and each k in R + we denote by A K and A K the sets 

{x e A : p(x,A c ) < k} and {x g A : p(x, A c ) > k} 

respectively. 

In this paper we assume that (M, p, p) is an unbounded measured metric space 
of finite measure, which possesses the following properties: 

(i) local doubling property (LD): for every b in R + there exists a constant 
such that 

p(2B)<D b p(B) \/BeB b ; 

This property is often called local doubling condition in the literature, and 
we adhere to this terminology. Note that if (LD) holds and M is bounded, 
then p is doubling. 

(ii) property (AM) (approximate midpoint property): there exist i?o in [0, 00) 
and (3 in (1/2,1) such that for every pair of points x and y in M with 
p(x,y) > Rq there exists a point z in M such that p{x,z) < [3 p(x,y) and 
p{y,z) < Pp(x,y). 

(iii) complementary isoperimetric property (Jb ) : the-re exist a ball Bq in M, kq 
and C in R + such that for every open set A contained in M \ Bq 

(2.1) p(A K ) > Ckp(A) Vkg(0,ko]. 



4 



A. CARBONARO, G. MAUCERI AND S. MEDA 



Suppose that M has property (Ig ). For each t in (0, Kq] we denote by Ct 
the supremum over all constants C for which (|2.1[) holds for all n in (0, t]. 
Then we define l c u Bq by 

J kso = su p{c« : i e (0> K o]}- 

Note that the function 1 1—> Ct is decreasing on (0, «o], so that 
(2-2) /^ Bo = t lim C t . 

Remark 2.1. The first two geometric assumptions (LD) and (AM) coincide with 
the corresponding assumptions made in [CMMj for spaces of infinite measure. The 
isoperimetric property is sligthly different from the isoperimetric property (I) in 
[CMMj , because in the infinite measure case we assumed that inequality (|2.ip holds 
for all bounded open set in M. 

Remark 2.2. The local doubling property implies that for each r > 2 and for each 
b in R + there exists a constant C such that 

(2.3) fj,(B') < C fi(B) 

for each pair of balls B and B' , with B C B' , B in Bb, and rs' < rrg. We shall 
denote by D T f, the smallest constant for which (|2.3[) holds. In particular, if (|2.3[) 
holds (with the same constant) for all balls B in B, then /i is doubling and we shall 
denote by -D T)0 o the smallest constant for which (|2.3|) holds. 



Remark 2.3. Loosely speaking, the approximate midpoint property means that the 
points of M "do not become to sparse at infinity" . The properties is obviously 
satisfied on all length metric spaces. 

Remark 2.4. In Section[7|we shall see that, on complete Riemannian manifolds, the 
complementary isoperimetric property is equivalent to the positivity of Cheeger's 
isoperimetric costant 

"<"> = '"' TIT 

where the infimum runs over all bounded open sets A with fi(A) < /i(M)/2 and 
with smooth boundary d(A). Here a denotes the induced Riemannian measure on 
dA. Moreover, if the Ricci curvature of M is bounded from below, both properties 
are equivalent to the existence of a spectral gap for the Laplacian. 

Remark 2.5. The local doubling property is needed for all the results in this paper, 
but many results in Sections [2][5] depend only on some but not all the properties 
(i)-(iii). In particular, all the results in Sections [3] and 0] require property (AM) 
but not property (IJ^ o ) ; Lemma [BT41 and Theorem [531 which are key in proving the 
interpolation result Theorem 15.61 require property (I|; ), but not property (AM). 
Finally, all the properties (i)-(iii) above are needed for the interpolation results and 
the theory of singular integral operators in Section [5] 

Proposition 2.6. Suppose that M possesses property (IJj )- The following hold: 
(i) for every open set A contained in M \ B 

fJ.(A t ) > (l - e-^.V) n(A) Vi e M + ; 
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(ii) For every point x in M there exists a constant C, which depends on x, 
I'm b an d Bo, such that 

fi(B(x,r) c ) < Ce"'^» r Vr > 0. 

Proof. The proof of (i) is almost verbatim the same as the proof of \CMM\ Propo- 
sition 3.1], and is omitted. 

Now we prove (ii). Denote by V r the measure of B(x,r) c . Since n[B{x, r) c ) < 
n{M) for every r > 0, it is clearly enough to prove the inequality for r sufficiently 
large, say r > rs + d(x, cb ) + 1- Then B(x, r — l) c C M \ B and B(x, r — l) c \ 
B(x,r) c D (B(x,r- l) c ) r Thus, by (i) 

Vr-i-VrZuififar-iy)!) 

>(1 - e _/ "- B o) K r _ x . 

Hence 

V r < e~ /Sf ' B o 7 r _i. 

By iteration, if tb + d(x, cb ) + n < r < rs + d(x, cb ) + n + 1 we obtain that 

V r < e" Il '- B o n V r - n < C e~ I **- B o r , 

where C = exp ((r Bo + d(x, c Bo ) + t)I c M , Bo ) K m )- a 

3. i? 1 and BMO 

In this section we define the Hardy space H 1 ^) and the space BMO(/j,). The 
definitions are very similar to those given in |CMMj for metric spaces of infinite 
measure. The only differences are the existence of the "exceptional atom" in H 1 (fi) 
and the fact that BMO(ijl) is defined as a subspace of L 1 (/i). 

Definition 3.1. Suppose that r is in (1, oo]. A (l,r)- standard atom a is a function 
in L l (n) supported in a ball B in B with the following properties: 

(i) ll a l|oo < M-^) -1 ^ r i s equal to oo and 

if r is in (1, oo); 

(ii) / a d/i = 0. 
Jb 

The constant function X/fj,(M) is referred to as the exceptional atom. 

Definition 3.2. Suppose that b is in R + and that r is in (1, oo]. The Hardy space 
H b ' r (fj,) is the space of all functions g in i 1 (/u) that admit a decomposition of the 
form 

oo 

(3.i) .g = y^Afc a fc , 

fc=l 

where is either a (1, r)-atom supported in a ball B of Bb or the exceptional atom, 
and Y^kLi I'M < 00 • T nc 

norm ||3lljj 1 ' r (# t ) °f 9 is the infimum of y^^. —1 |A^| over all 

decompositions (|3.ip of <?. 
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Definition 3.3. Suppose that b is in M + and that q is in [l,oo). For each locally 
integrable function / we define Njj(f) by 

W)= sup (~Tr\ I d ^) 1/? ' 

BeB b ^K B ) J B ' 

where Jb denotes the average of / over B. We denote by BMO?(|j) the space of 
all functions / in such that Njj(f) is finite, endowed with the norm 

\\f\\BMO W = Wfh+ N b(f)- 

Note that only balls of radius at most b enter in the definitions of i?^' r (/Lt) and 
BMOUji). 

It is a nontrivial fact that H b ' r (/j J ) and BMO'(^) are independent of the param- 
eter &, provided b is large enough. Recall that i?o and /3 are the constants which 
appear in the definition of the (AM) property. 

Proposition 3.4. Suppose that r is in (l,oo], q is in [l,oo), and b and c are in 

K + and satisfy Rq/(1 — (3) < c < b. The following hold: 

(i) the identity is a Banach space isomorphism between H^' r (fJ.) and H^' r (/j,) 
and between BMO q b {^i) and BMO q c {n); 

(ii) (John-Nirenberg type inequality) there exist positive constants c and C such 
that for all f e BM 0\ (/i) and all B in Bb 

fi({x € B : \f(x) -f B \>s})< Ce- cs / N ^ ^(B); 

(iii) for each q in (l,oo) there exists a constant C such that 

Nl{f)<Nl(f)<C N% {f) V/ € BMOl (/*) . 

Proof. The proof of (i) is almost verbatim the same as the proofs of CMM, Prop. 4.3] 
and |CMM| Prop. 5.1] respectively, and is omitted. The proof of (ii) is the same as 
the proof of CMM, Thm 5.4], and the proof of (iii) follows the lines of the proof 
of [CMM! Corollary 5.5]. □ 

Suppose that b and c are in R + and satisfy Rq/(1 — (3) < c < b. In view of 
Proposition ^. 41 (ii)-(iv), if q and r are in [1, oo), then the identity is a Banach space 
isomorphism between BMOl(fi) and BMO r c (ii). We denote simply by BMO(fi) 
the Banach space BMO b (fi) endowed with any of the equivalent norms N b . 

Similarly, in view of Proposition 13.41 (i), if r is in (l,oo), and then H b ,r (fj,) 
and i?o/(l — P) < c < b, then H^ r (ii) are isomorphic Banach spaces, and they will 
simply be denoted by /f 1,r (/x). In Section[3]we shall prove that the topological dual 
of H 1,r (n) may be identified with BMO r (//), where r' denotes the index conjugate 
to r. Suppose that 1 < r < s < oo. Then (7J 1 ' r (^))* = (H 1,s (fi)) , because 
we have proved that BMO r (/i) = BMO s (/i). Observe that the identity is a 
continuous injection of H 1 ' 8 ^) into if 1,r (^), and that i? 1,s (^) is a dense subspace 
of iJ 1 - r (/i). Then we may conclude that i? 1,s (/u) = iZ 1,r (/i). Then we shall denote 
F 1,r (M) simply by H 1 ^). 

4. Duality 

In this section, we prove the analogue of the duality result |CMM|, Thm 6.1]. 
The proof in the finite measure case is more difficult because we must show that 



H 1 , BMO FOR LOCALLY DOUBLING SPACES 



7 



for every linear functional £ in the dual of H 1 (p:) the function / that represents 
the functional on H 1 ^) n L^.(n), constructed in [CMM|, Thm 6.1], is also in L 1 ^). 

We need more notation and some preliminary observation. Suppose that b > 
Rq/(1 — P), where Rq and (3 are the constants in the approximate midpoint property 
(AM) (see Section [2]). A ball B in Bb is said to be maximal if tb = b. 

We shall make use of the analogues in our setting of the so-called dyadic cubes 
introduced by G. David and M. Christ [D jlChj on spaces of homogeneous type. 

Theorem 4.1. There exists a collection of open subsets {Q& : k £ Z, a £ Ik} and 

constants S in (0, 1), do, C\ in R + such that 

(i) U Q Qa * s a se t of full measure in M for each k in Z; 

(ii) ifi>k, then either Q l p C Q k or Q e nQ k = 0; 

(hi) for each (k, a) and each I < k there is a unique (3 such that Q k a C Q 1 ^; 

(iv) diam(Q^) < d 5 k ; 

(v) each Q k a contains some ball B(z k ,aoS k ). 

It may help to think of as being essentially a cube of diameter 6 k with 
"centre" z k . Note that (iv) and (v) imply that for every integer k and each a in If. 

B{z k a ,a Q 5 k )dQ k a dB(z k a ,C 1 5 k /2). 

Remark 4.2. When we use dyadic cubes, we implicitly assume that for each k in Z 
the set M \ [J aeIk Q k a has been permanently deleted from the space. 

We shall denote by Q k the class of all dyadic cubes of "resolution" k, i.e., the 
family of cubes {Q k : a G Ik}, and by Q the set of all dyadic cubes. We denote by 
3^ the set }z v a : a <G I u } : i.e. the set of "centres" of all dyadic cubes of "resolution" 
v. We recall that, in Christ's construction of the family Q of dyadic cubes, the set 
y is a maximal collection of points in M such that 

for all a, /? in I u , with a ^ j3. 

We shall need the following additional properties of dyadic cubes. 

Lemma 4.3. Choose an integer v such that 5 U min(l, 2ao) > i?o and b in R + such 
that b > AS" max(l/(l — /3), clq). For each z£ in 3^ denote by B a the ball B(z^,b). 
The following hold: 

(i) the balls {B a } form a locally uniformly finite covering of M , i.e. there 
exists an integer Nq such that 

i <J2 1b « ^ 

(ii) for every pair o, z of distinct points in 3"j there exists a chain of N points 

4'-' ' ' Z a« iTl y SUch that ° = Z a,, z = z a N , 

/2d\ l/[l-l°g2( 1 +/3)] 
^V<4(y) +1 and p(z^z» j+l )<b/2, 

where d denotes the distance p(o, z^). Furthermore, for j € {1, . . . , N — 1} 
the intersection B aj n B aj+1 contains the ball B(z aj+11 aQO~ v ), and 

(A -\\ f-(Bg j + 1 ) 
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Proof. First we prove (i). By the maximaliy of the collection 3", for each x in M 
there exists z v a in 3" such that p{z v a ,x) < 5 U . This implies the left inequality in (i). 

A simple variation of the proof of jCMMI Prop. 3.4 (iv)] shows that there exists 
an integer A^o, which depends on 6, ao and Ci, such that a ball of radius 26 
intersects at most Nq cubes in Q v . Let A(x) = {B a : x e B a }. Since z v a £ B a and 
Ub„eA(x) B a C B(x,2b), the cubes Q v z „ , B a G A(x), intersect B(x,2b). Thus the 
cardinality of A(x) is at most No. This proves the right inequality in (i). 

Next we prove (ii). Recall that d denotes the distance between o and z. Denote 
by B° and B z the balls with radius 6 centred at o and z respectively. 

First suppose that d < b/2. Then the chain reduces to the two points o and z. 
Moreover B° n B z contains the ball B(z,ao6 l/ ). Indeed, B z contains B(z, ao 8 U ) 
(recall that b > 4aoS v ), and B° contains B(z, ao6 u ), because B° has radius b and 
b > b/2 + ao S u is equivalent to b > 2ao 5 U , which we assume. 

Next suppose that d > b/2. Since b/2 > Rq, there exists a point z\ in M such 
that 

max(p(zi, o), p(zi, z)) < [3d 
by the (AM) property. In general z\ need not be in y . However, by the maximality 
of 3", there exists z^ t in 3" such that p(z^ , Zi) < 5 U . We observe that 

Indeed, by the triangle inequality 

P« i; o) < p{z v ai ,zx) +p(z u o) 
<5 U + 0d. 

Now, note that the conditions d > b/2 and b > 45" /(l - 0) imply 5 V < (1 - 0) d/2, 
and we may conclude that 




Similarly, we may show that p{z", z) < (1 + (3)d/2. 

We have now a chain consisting of three ordered points o, and z. The distance 
of two subsequent points is < (1 + j3) d/2. 

Now consider the first two points o and z v ai of the chain. If their distance is 
< 6/2, then B° n B ai contains the ball B{z^ cl ,ao 5 V ). If, instead, their distance is 
> 6/2, then we may repeat the argument above, and find z v m in 3" such that 

max(p(z^ 2) ,o),p(z^( 2) ,zj; i )) < (^— ) 

Next we consider the two points z„ and z of the chain and argue similarly. Either 
their distance is < 6/2, and B z C\B ai contains the ball B(z, ao 5 V ) : or their distance 
is > 6/2, and we may find z" (2) in 3" such that 

max(p(z^ 2) ,z^ 1 ),p(z^( 2) ,z)) < (^— ) 
By iterating the procedure described above n times, we find a chain of points 

Z Qi » ■ ■ ' > Z a N ' SUCn tnat = Z 0! J z = z a N i SUCn tnat; 

P«- , < (^) " d Vj e {1, . ■ ■ ,N — 1}. 



H 1 , BMO FOR LOCALLY DOUBLING SPACES 



9 



If n is the least integer > log 2 (2d/6)/log 2 [2/(l + /?)], then 

T + /3\" 



and for all j in {l,...,iV — 1} the intersection B aj n B ajl contains the ball 
B(zq, j+1 , ao <5 1/ ). Furthermore, the number N of points of the chain is at most 



and 



< Db/(a 8"),a Q 8" 



m(^(^ 3+1 >«o^)) 

for all j in {1, . . . , N — 1}, by the locally doubling property. 

This concludes the proof of (ii). □ 

We need more notation and some preliminary observations. Let b > 0. For each 
ball B in Bb let Lq(B) denote the Hilbert space of all functions / in L 2 (n) such that 
the support of / is contained in B and J B f d[x — 0. We remark that a function / 
in Lq(B) is a multiple of a (1, 2)-atom, and that, for all c > b, 

(4.2) \\f\\sy M <m(£0 1/2 II/IUw 

Let I be a bounded linear functional on H 1,2 (fi). Then, for each B in B the 
restriction of ^ to Lq(B) is a bounded linear functional on Lq(B). Therefore, by 
the Riesz representation theorem there exists a unique function £ B in Lq(B) which 
represents the restriction of I to Lq(B), Note that for every constant 77 the function 
£ B + r\ represents the same functional, though it is not in Lq(B) unless r\ is equal 
to 0. Denote by ||£|| ff i,2( M ), the norm of I. Then, by (|4.2|) . we have 

(4-3) \\e B \\Ll(B } < KB) 1/2 \\£\\m^y 

For every / in BMO r (/1) and every finite linear combination g of (l,r)-atoms 
the integral J Rd f gdfi is convergent. Let H^(ijl) denote the subspace of -ff 1,r (/i) 
consisting of all finite linear combinations of (l,r)-atoms. Then g 1— > J„ d fgd/J, 
defines a linear functional on H^(/j,). We observe that H^(jjl) is dense in H 1:T {n). 

Theorem 4.4. Suppose that r is in (l,oo). The following hold 

(i) for every f in BMO r (/1) the functional I, initially defined on H^(n) by 
the rule 

£{g) = J Jgdu, 
extends to a bounded functional on H ' r (p). Furthermore, 

\\£\\ W-'fa) < II/IIba«X(m) ; 

(ii) there exists a constant C such that for every continuous linear functional I 
on H 1,r (ii) there exists a function f inBMO r (/j) such that \\f || BMO r '(^) — 

C IKIIff 1 .'^)* and 
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Proof. The proof of (i) follows the line of the proof of [CWj which is based on the 
classical result of C. Fefferman [F" l IFSj . We omit the details. 

Now we prove (ii) in the case where r is equal to 2. The proof for r in (1, oo) \ {2} 
is similar and is omitted. 

Let £ be a bounded linear functional on if 1,2 (/i). Fix v G Z and b £ R + as 
in Lemma |4.3( such that b is also greater than Rq/(1 — (3), where i?o and (3 are 
the constants of assumption (AM). Recall that for all b' > b the space H 1 ' 2 ^) is 
isomorphic to H b ; (/i) with norm IHIjy 1 . 2 ^)) by Proposition 13.41 . Thus, we may 

interpret i as a continuous linear functional on _ff^' 2 (/x) for all b' > b. Fix a point o 
in y . For each b' > b there exists a function £ B (°' b ) in Lq(B(o, b')) that represents 
£ as functional on L 2 (B(o, b')). Since both £ B{o > b) and the restriction of £ B (°- b ') to 
B(0, b) represent the same functional on Lq (B(o, b)) , there exists a constant rj B (°' b > 
such that 

£B(o,b) _ gB(oM') = 5(0,6') 

on B(o, b). By integrating both sides of this equality on B(o, b) we see that 

V B ^= — 1 . / i B ^dfi. 

H{B(o,b)) J B (o,b) 

Note that, since £ B(o ^ G L%(B(o,b)), 

(4.4) r} B ^ = 0. 
Define 

f{x)=£ B< - Q ' b '\x)+? 1 B(Q - b ^ VxeB{o,b') W>b. 

It is straightforward to check that this is a good definition. 

We claim that the function f e is in BAlO(fi) and there exists a constant C such 
that 

\\f%Mo W < C P||hi, 2(m ). W e ff 1 - 9 ^)*. 

First we show that N 2 (f e ) < W^gi,?/^*. Indeed, choose a ball B in £>&. Then 
there exists a function £ s in Lq(B) that represents the restriction of £ to L 2 (B) 
and a constant 77 s such that 

(4.5) f t \ B =i B + V B - 

By integrating both sides on B, we see that r/ B = (f e )B- Thus, by (|4.5p and (14. 3|) . 




so that N 2 {f l ) < \\£\\ H i,2(^, , as required. 

Next we show that f e is in L 1 ^) and that ||/ £ ||i < C ||£||#-i,2(,a«. Let {B Q } be 
the covering described in Lemma 14.31 For each integer ft, > 2 let Ah denote the 
annulus B(o,hb) \ B(o, (ft — 1)6). For the sake of brevity denote B(o,b) by B° . 
Observe that M = B° \J (\JhL2 ^-h)- The left inequality in Lemma 1431 (i) implies 
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that 

II - II fl + Tllfl 

(4 ' 6) S ° 

By (|4.5|) , the triangle inequality, the Schwarz inequality and f|4. 3|) 

<»(B a )\\l\\m,i( P y+»(B a ) \ V B "\. 
Now, we claim that if B a n A/j ^ 0, then 

, v i o , /2d\ 1 /[l-log 2 (l+/3)] 

(4-8) |^|<8( T J V^IKHhm^)., 

where D — Dbir ao $v\ ao is the doubling constant corresponding to the parameters 
b/(ao5 v ) and 5" (see Remark [2. 2p . and d denotes the distance of o from the centre 
< of B a . 

By Lemma S3] (ii) there exists a chain of points z" , . . . , , such that o = z", 



x 4 (t) 



and such that for all j in {1, . . . , N — 1} the intersection B a n B a ._ 1 contains 
the ball B(2£ i+i ,aoO. Denote by B' a . the ball , a 5"). Since, by (l4~5| . 

£ s «i-i + ^--1 = + ^ on n B a ., hence on 

\v B " s \ < lii 3 "*- 1 +vi Bai - 1 ) B , \ + \(t Baj ) B , | 

<(-!—[ |f«. J -,| 2 df ,y /2 + |^.,-,| + (_L_/ aS' 2 



by the triangle inequality and Schwarz 's inequality. Now we use (|4.3p to estimate 
the first and the third summand and obtain that 



(4.9) I""' I ^W 1 " 1 "*" 1 ' + ' + fW MWW - 

<2>/D|K|| H i.»( M )* + |»? flaj - 1 |- 
Note that we have used (|4.1[) in Lemma 14.31 (ii) in the last inequality. Hence, 
iterating this inequality, we obtain 

1^=1 =1^1 <2(N -l)VD\\e\\ H i,2 M , + \ V B «\ 
'2d\i/[i-i°g 2 (i+/3)] 



<8(y) ^|K|| ffl , 2(M) , 



because r\ Ba — 0. This proves the claim (|4.8[) . 

Now (|4.7| and (|4.8|) imply that for all the balls of the covering {B a } 

(4.10) ||/'|L 1(Ba) < [ 1 + 8 (yJ ^\KBa)\\t\\m.'W 
where d denotes the distance p(z^, o). Note that if B a n -A^ ^ then d < (/i + 1) 6. 
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We estimate the first summand in (|4.6|) by Schwarz's inequality and (14. 3|) . while 
we use (|4.10[) to estimate the other summands, and obtain that 

< Mm,» w - Lm +cjr(h+ i)vii-K«,(i+«] j2 K B « 

\ h=2 {B a :B a nA h ^$} 

Since the balls {B a } have the finite intersection property by Lemma [4.31 (i) and 
each such ball intersects at most three annuli Ah, we have that 

oo h+2 

||/1 1 <Ms o )Pii^(p)*+cpii H1 . 2 ( P ).E( /i + 1 ) 1/[1_log2(1+/3)1 E K a j)- 

h=2 j=h-2 

By Proposition ^. 61 (ii) there exist constants r\ in (0, 1) and C > such that p(Aj) < 
Crf. Thus 

oo h+2 
£(fc + l)VU-Wl+/S)] ^/i(^)<00, 
h=2 j=h-2 

and we may conclude that 

\\f%<c\\e\\ H1 ,2 M ,, 

thereby proving that f e is in L 1 ^). □ 



Remark 4.5. Note that the proof of Theorem 14.41 does not apply, strictly speaking, 
to the case where r is equal to oo. However, a straightforward, though tedious, 
adaptation to the case where p is only locally doubling of a classical result [CWj , 
show that iJ 1,00 (/i) and H 1,2 (n) agree, with equivalence of norms. Consequently, 
the dual space of H 1 ' 00 ^) is BMO(p). 

5. Interpolation 

In this section we prove, for the finite measure case, the analogues of the interpo- 
lation theorems proved in [CMMj when fi(M) — oo. Because of the close similarity 
with the infinite measure case, we shall be rather sketchy in our exposition and we 
shall only indicate the necessary modifications to the statements and the proofs. 

The first technical ingredient in the proof of the interpolation theorems in [CMM 
is a covering lemma (see |CMM( Prop. 5.3]). To prove the analogous result for 
spaces that satisfy the complementary isoperimetric property we need a lemma. 
We recall that Bo is the ball in the complementary isoperimetric property (Ib ) 
(see Section [2]). 

Lemma 5.1. Suppose that A is a open subset of M such that An Bo is contained 
in At for some t in IR + . Then 

ti{A t ) > (l-e- 7 W/ 2 ) M (A)/2. 

Proof. First we prove that (A n Bo)t ^ s contained in A 2 t- 

Indeed, suppose that x is in (AnB§) t . Then either x is in At, hence in Ait, or x 
is in (AdBq^ \Af. In the latter case x is in AdBq, and p{x, A c ) > t. Furthermore 
p(x,Bo) < t, for otherwise the ball B(x,t) would be contained in A n Bq, i.e., 
p(x, A c U i?o) > t, contradicting the fact that x is in [A n Bq) . 
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Therefore the ball B(x,t) is contained in A and there exists a point y in A n -Bo 
such that p(x,y) < t. By assumption y is in At, whence 



as required. 
Now, 



p(x,A c ) <p{x,y)+ P (y,A c ) <2t, 

H(A) = p(A n S ) + p(A n B C Q ) 

< p{A t ) + (1 - e-^.-o*)- 1 n B c ) t ) 

< fi(A 2t ) + (1 - e-^o*) -1 
2 - e'^V 



1-e" 

from which the desired estimate follows directly. □ 

Lemma 5.2. Suppose that v is an integer. For every k in R + ; every open subset A 
of M such that AflBo C A K and every collection C is of dyadic cubes of resolution 
at least v such that IJq 6 c Q = A, there exist mutually disjoint cubes Qx, . . . , Qk in 
C such that 

(i) E U Mi) > (! - e~ Ih ' Ba K/2 ) KA)/*; 

(ii) p(Qj,A c ) < k for every j in {1, ...,&}. 

Proof. The proof is almost verbatim the same as the proof of [CMM1 Proposi- 
tion 3.5]. The only difference is that we use Lemma |5. II in the proof of (i). □ 



Remark 5.3. Observe that in Remark 12.41 we may substitute Bq with any ball 
containing Bq. Therefore we may assume that re > C\ 5 2 . 

The second technical ingredient is a relative distributional inequality for the 
noncentred dyadic maximal function 

(5.1) M 2 f(x) = sup f |/| d^ Vx £ M, 

where the supremum is taken over all dyadic cubes of resolution > 2 that contain 
x, and the local sharp function 



fi*(x)= sup J—[\f-f B \dp VxeAf. 

BdB b (x) V-(B) J B 



Observe that / is in BMO(p) if and only if / £ i 1 (/J.) and ||/"' & ||oo is finite for 
some (hence for all) b > Rq/(1 — f3). 

Note that the maximal operator M. 2 is of weak type 1. We denote by |A^2|||i;X,oo 
its weak type 1 quasi norm. 

For every a > denote by A(a) and S(a) the level sets {M. 2 f > cv} and 
{P' b > a} respectively. Thus, for a and e > 



{M 2 f > a, f*' b ' < ea} = A(a) n S(ea) c 



The following lemma is the analogue of |CMM| Lemma 7.2] for spaces of finite 
measure that satisfy the complementary isoperimetric property. 
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Lemma 5.4. Let Bq be as in Remark \2.4\ with rB„ > C\5 2 . Define constants b' , 
a and D by 

b' = 2d+C a , a=(l-e- ie ^ B o C ^ 2 / 2 )/A and D = D b , /ao ^ 

where a®, C\ and 5 are as in Theorem \4-l\ and D b i / ao ,a * s defined in Remark 
Denote by uj the number 



inf{M(Q) : Q € S 2 ,QnB ^()}, 



and by 9Jt a constant > |||A^2|||i;i,oo/^- Then for every rf in (0, 1), for all positive 
e < (1 — rj')/(2D), and for every f in L (ji) 

n(A{a) n S(ea) c ) < r,n{Atfa)) Va > — 

where 

2eD 



Proof. First we prove that u) is strictly positive. Indeed, suppose that Q\ is a dyadic 
cube of resolution 2 with nonempty intersection with Bq] the cube Q 2 a contains the 
ball B(z 2 , ao 5 2 ) by Theorem l4.1l (v) and is contained in the ball 2B by the triangle 
inequality. 

Denote by D the doubling constant D ao g2^ 2 r Bo ),aoS 2 - By the local doubling 
property 

M (2Bo) < Dfi(B(z 2 a ,a S 2 )) 

<Dfi(Q 2 a ). 

Therefore u> > D^ 1 h{2Bq) > 0, as required. 

For the rest of this proof we shall write k instead of C\ S 2 . Suppose that a > 
mWfhi^/n'. Since / is in L 1 ^), 

I Ai I n . 11-^2 1 l;l,oc || ru 

h(A(t] a)) < / Z^OO 

rf a ' 

(5-3) |»2|l;l,oo 

an 

< UJ. 

We claim that (Aiji'a))'* — {x <E A{rfa) : p(x, A(r]'a) c ) > k} is contained in Bq. 
Indeed, if x is in (A(r;'a)) K , and Q is the dyadic cube of resolution 2 that contains 
x, then Q is contained in A(n'a) by the triangle inequality. Therefore n{Q) < 
H\A(r]'a)) < uj by (|5.3|) . Hence x is not in Bq by the definition of w. The claim 
proved above implies that A(n'a) n -Bo C (^(77' a)) . 

The rest of the proof is the same as that of [CMMj Lemma 7.2]. The only 
difference is that we use Lemma \b . 2 1 instead of [CMM| Prop. 5.3]. □ 

Next, we prove the analogue of |CMM[ Theorem 7.3]. 
Theorem 5.5. For each p is in (1, 00) there exists a positive constant C such that 



L 



- W + ||j* 6 'lU* M >C||/||l, m V/eL*(/i). 
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Proof. Observe that it suffices to show that 

(5-4) ll/IUv) + ll/ ft ' 6 V W >C\\M 2 f\\ LP{fl) , 

because M. 2 f > |/| by the differentiation theorem of the integral. 

Let a and 071 be as in the statement of Lemma [5.41 Fix if = (1 — a/4) l / p and 
let T] be as in (15. 2\ . Denote by £ the number 9Jt H/Hl 1 ^)/ 7 /- Then 

/>0O 

l|M2/||/=P / a p -V(^(a))da 
Jo 

/>OG 

= p / a p_1 n S{ea) c ) + fJ.(A(a) n 5(ea))] da 



+ p / a^ 1 /x(A(a)) da, 
Jo 

so that, by Lemma f5T4l 

rOC /* OO 

\\M 2 f\\ P p <PV a?- 1 n(A(r)'a))da+p a p ~ l n(S{ea)) da 



+ PA»(M) [ a^da 
Jo 

poo poo 

= PVv'~ P 7 P ~V04( 7 ))d7+;P£~ p / 7 P_ V(5(7))d 7 + 
Jo Jo 

< ll^ 2 /||p p + s-p + M (M)|^||A4 2 / |H*. 

Now we choose e small enough so that 77 < 1 — a/2. Therefore r\r\'~ v < 1 and (|5.4p 
follows. □ 

If X and y are Banach spaces and 9 is in (0,1), we denote by (X,Y)m-\ the 
complex interpolation space between X and Y with parameter 9. 

Now that all the groundwork has been laid, we may proceed to state the in- 
terpolation theorems without further ado. The proofs are adaptations of classical 
results. We refer the reader to |CMM[ Theor. 7.4 and Theor. 7.5] for more details. 

Theorem 5.6. Suppose that 9 is in (0, 1). The following hold: 

(i) ifpe is 2/(1- 9), then (i 2 (/i), BMO(p)) [g] = 

(ii) ifp e is2/(2-9), then (H 1 ^), L 2 (fi)) [g] = D>» ( M ). 

Theorem 5.7. Let S denote the strip {z £ C : Re z G (0, 1)}. Suppose that {T z } z es 
is a family of uniformly bounded operators on L 2 ([i) such that z 1— > J Rd T z f g&pi is 
holomorphic in S and continuous in S for all functions f and g in L 2 {p). Further, 
assume that there exists a constant A such that 

|||7is|||L 2 0) - ^ an d |2l+is||L°=( M );-BAfOO) - ^~ 

Then for every 9 in (0, 1) the operatorTg is bounded on L Pe (/1) , wherepg = 2/(1—0), 
and 

< Ag, 



lli p e(M) 

where Ag depends only on A and on 9. 
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6. Singular integrals 

In this section we state the analogue of Theorem 8.2 in [CMM| Theor. 8.2]. 
Assume that T is a bounded linear operator on £ 2 (/i) with kernel k\ i.e. k is a 
function onMxM which is locally integrable off the diagonal inMxM and such 
that for every function / with support of finite measure 



Tf(x) = / k(x, y) f(y) d/x(y) Vx g supp /. 

JM 

Theorem 6.1. Suppose that b is in R + and b > Rq/(1 — ft), where Rq and (3 appear 
in the definition of property (AM). Suppose that T is a bounded operator on L (ff) 
and that its kernel k is locally integrable off the diagonal of M x M. Let v k and U). 
be defined by 

v k = sup sup / \k(x,y) - k(x',y)\ dfi(y), 

BeB b i,i'£B J(2BY 

and 

u k = sup sup / \k(x,y) - k(x,y')\ d^i(x). 

BGB b y,y'£BJ(2BY 

The following hold: 

(i) if v k is finite, then T extends to a bounded operator on L p (n) for all p in 
(1,2] and from H 1 ^) to L l {[i). Furthermore, there exists a constant C 
such that 

lll^liJMA');^ 1 ^) < C {v k + ITI^^)); 

(ii) if Vk is finite, then T extends to a bounded operator on L p (fj,) for all p in 
[2, oo) and from L°°(/i) to BMO(p,). Furthermore, there exists a constant 
C such that 

lll^"llli'»(/i);BAfO(/i) < C ( v k + |||'?"ffl£=(ju)); 

(hi) if T is self adjoint on L (ji) and v k is finite, then T extends to a bounded 
operator on i p (/i) for all p in (l,oo), from H 1 ^) to L 1 ^) and from L°°(//) 
to BMO(n). 

Proof. The proof is almost verbatim the same as the proof of |CMM| Thm 8.2], and 
is omitted. □ 

Remark 6.2. It is worth observing that in the case where M is a Riemannian 
manifold and the kernel k is "regular" , then the condition v k < oo of Theorem l6. II (i) 
may be replaced by the condition v' k < oo, where 

(6.1) v' k = sup r B sup / \V x k(x,y)\ d/i(y). 

BeB b xeBJ{2B)<= 

Similarly, the condition v k < oo of Theorem 16. II (ii) may be replaced by the condi- 
tion v' k < oo, where 

(6.2) v ' m = sup r B sup / | V y k(x, y)\ d/j,(x). 

BEB b y£Bj(2BY 
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7. RlEMANNIAN MANIFOLDS 

Let (M, p, fi) be a complete Riemannian manifold of dimension d, endowed with 
the Riemannian metric p and the corresponding Riemannian measure p. Let h(M) 
be Cheeger's isoperimetric costant, defined by 

*flO— 

where the infimum runs over all bounded open sets A with smooth boundary dA 
such that p{A) < p(M)/2. Here tr denotes the induced (d — l)-dimensional Rie- 
mannian measure on dA. Note that the condition p(A) < /i(M)/2 is automatically 
satisfied if p{M) — oo. 

In |CMM[ Section 9] we proved that, on Riemannian manifolds of infinite mea- 
sure, the isoperimetric property (I) is equivalent to the positivity of h(M). More- 
over, if the Ricci curvature is bounded from below, both properties are equivalent 
to the positivity of the bottom of the spectrum of M 

b(M) = My |V/| 2 d^ : / e Cl(M), H/lla = 

Here we shall prove that, when M has finite measure, an analogous characteri- 
zation holds for the complementary isoperimetric property (Ig )) provided that we 
replace b(M) by the spectral gap of the Laplacian 

A 1 (M) = (/ |V/| 2 d/x:/GC c 1 (M),||/|| 2 = land f f dp = 

K.J M JM 

Again, since the arguments coincide to a large extent with those used to prove 
|CMM| Theor. 9.5], we point out only the differences, referring the reader to [CMMj 
for details and unexplained terminology. 

Given a measurable set E in M, we shall denote by P(E) its perimeter, i.e. the 
total variation Var(ls, M) in M of the indicator function 1e of E. The following 
lemma is the counterpart of |CMM[ Prop. 9.2], in the finite measure case. 

Lemma 7.1. Suppose that M is a complete unbounded Riemannian manifold of 
finite volume. If h(M) > 0, then for every measurable set E with p(E) < p(M)/2 

P(E) > h{M)n(E). 

Proof. Let / be a real- valued function in C*(Af), whose support has measure less 
than p(M)/2. By the coarea formula |Chaj . 



|V/| d M > h(M) f |/| dp. 

JM 



By |MPPPl Prop. 1.4], there exists a sequence (/„) of functions in Cl{M) 1 whose 
support has measure less than p,(M)/2, such that /„ — * lg in i 1 (Af) and 
J M |V/„| dp -> Var(l B ,Af) = P{E). Hence, passing to the limit, we get P(E) > 
h(M)p{E). □ 

Now we are ready to state the main result of this section. We recall that the 



constant I M Bq is defined in (|2.2|) . 

Theorem 7.2. Suppose that M is a complete unbounded Riemannian manifold 
of finite volume and Ricci curvature bounded from below. Then the following are 
equivalent: 
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(i) h{M) > 0; 

(ii) M possesses property (lg ) ; 

(iii) Ai(M)>0; 

Proof. To prove that (i) implies (ii) , we fix a ball Bo such that /i(-Bo) > n(M)/2 
and we consider a open set A in M\B . Fix t > and let / be the function defined 

by 



t-^pix^A") ifxeA, 



f(x) = {l if x e A \ A t 

ifx&A c . 

Then / is Lipschitz and |V/(x)| = t^ 1 for almost every x in A t , |V/(x)| = 
elsewhere. Thus, by the coarea formula for functions of bounded variation [EGilM] 
and Lemma [731 



t- 1 p(A t ) = j |V/| d^ = j P({f = a}) ds 

>h(M) f p({f>s})d S 



= h(M) J fd/i 
>h(M)(p{A)-p(A t )). 

Thus 

K A t) > fe( , M) s tfx(A) Vt>0. 
^ ' ~ l + h(M)t PV ' 

Hence M satisfies property (Ig ) and by (|2.2[) the constant 1^ B is at least h(M). 

Next, we prove that (ii) implies (iii). Let A be a bounded open set with regular 

boundary, contained in M \ B . Then p(A t ) > (1 - e^ lM ' B o t )p,(A) for all t > 0, by 

Proposition ^. 61 Since the boundary of A is regular, 

a(dA)=Km^> I M , Bo »(A). 

Hence, by the coarea formula, for every real- valued function / in C^°(M \ Bq) 

(7.1) I m ,b f |/| dp < f |V/| d M . 

JM JM 

By replacing / with f 2 in (|7.1ll . we obtain that 

(7.2) inf U^>4!o 

JmI/I^ " 4 

where the infimum is taken over all real / in (M\Bq) , such that ||/||2 7^ 0. Hence 
the bottom of the essential spectrum b ess (M) of the Laplace-Beltrami operator on 
M is positive, by the variational characterization of b ess (M) |Br| . Thus is an 
isolated point in the spectrum and Ai(M) > 0. 

Finally, to prove that (iii) implies (i), we use the fact that, if the Ricci curvature 
is bounded below by —K for some K > 0, then 

Ai(M) < C{VKh{M) + h(M) 2 ), 

where C is a constant which depends only on the dimension of M [Bui ILej . □ 
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8. Another family of metric spaces 

In this section we shall construct another family of metric measured spaces which 
are locally doubling and satisfy the approximate midpoint property and the isoperi- 
metric property. They may have either infinite or finite measure. In the first 
case they satisfy property (I), in the latter case property ) (see Remark l2.1l or 
jCMMj for the definition of property (I)). The spaces we consider are of the form 
(R d , p v , or (R d , pip, fJ,- v ), where if is a function in C 2 (R d ) which satisfies certain 
additional conditions specified later, p v is the Riemannian metric on R d defined by 

the length element ds 2 = (1 + |V</?|) 2 ( dxj H h da; 2 ,) and dp± v = e ±v dX. Note 

that p± v is not the Riemannian metric on (R d ,p v ). First we need some prelimi- 
naries on Riemannian metrics of the form ds 2 = m 2 ( da; 2 + • • • + da; 2 ), where m is 
a continuous positive function on R d which tends to infinity at infinity. 

We say that a positive function m 6 C°(R d ) is tame if for every R > there 
exists a constant C(R) > 1 such that 

777 I T I 

C(R)- 1 < — H < C{R) Vx, y£M. d such that \x - y\ < R. 
m[y) 

The following lemma provides a simple criterion for establishing tameness. 

Lemma 8.1. Let m be a function in C (R ) such that m > I and |Vm| < C m a 
for some a in [0, 1] and some C > 0. Then m is tame. 

Proof. By the mean value theorem, for all x, y in R d such that \x — y\ < R, 



mix) 

log 



m(y) 



< | x _ y | m J^A<CR. 

zeR d m(z) 



□ 



It is easy to see that the functions m(x) = 1 + \x\ a , with a > 0, are tame. The 
function e^' is tame if and only if < a < 1. 

Proposition 8.2. Let m be a tame function such that lmi x ^ 00 m(x) = oo. De- 
note by p the Riemannian metric on R d defined by the length element ds 2 — 
m(x) 2 (da; 2 + • • • + da;^). Then the manifold (R rf ,p) is complete. Moreover, for 
every R > 0, there exists a constant C(R) > 1 such that for all x, y in R d with 
p(x,y) < R 

(8.1) C{Ry 1 m{x) \x-y\ < p(x,y) < C{R)m{x) \x-y\. 

Proof. The function m has a positive minimum on R d , which we may assume to be 
greater than or equal to one, by multiplying m by a positive constant if necessary. If 
7 is a path in R d we shall denote by £(j) its length with respect to the Riemannian 
metric p and by l e (j) its Euclidean length. Since the minimum of m on R rf is at 
least 1 we have that £(j) > i e (^f) for all paths 7. Hence 

(8.2) p(x,y) > \x-y\ Wx,y e R d . 

Let x and y be two points in R rf such that p(x, y) < R and denote by 7 be the 
segment of line joining them. Since \x — y\ < p(x, y) < R and m is tame, 

(8.3) p(x, y) < £(7) = / m( 7 (t)) \j'(t)\ dt < C(R) m{x) \x-y\. 

Jo 

This proves the second inequality in (|8.1[) . 
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Together the two inequalities (18. 2|) and (|8.3j) imply that the manifold (R d ,p) is 
complete. In particular any two points in (M. d ,p) may be joined by a minimizing 
geodesic by the Hopf-Rinow theorem. 

It remains to prove the first inequality in (|8.ip . We observe that there exists a 
constant A such that for all S > there exists a compact set K(S) in R d such that 

(8.4) A- 1 < -44 < ^4 Vx,y G R d such that a; ^ K(S), |x- y\ < SI mix). 

m(y) 

Indeed, by the definition of tame function it suffices to choose A = C(l) and 
K(S) = {xeR d : m(x) < S}. 

Fix R > and let x,y be in K d such that p(x,y) < R. Assume first that 
x ^ K{AR) and let 7 : [0, p(x, y)] — > R d be a minimizing geodesic joining a; and 
y. We claim that l'y(t) — x\ < AR/m(x) for all t in [0, p(x, y)]. Indeed, suppose by 
contradiction that there exists to in [0,p(x,j/)] such that | 7 (io) ~ x \ = AR/m{x) 
and | 7 (t) - x| < AR/m(x) for all t in [0,t ). Then, by (HHJ) 

p(x,y) > /°m( 7 (t)) | 7 '(t)| dt 
Jo 

^"'mW |-y(*o) — ar| 
=i?, 

which contradicts the assumption p(x, y) < R. Thus the claim is proved. Hence by 
p(a,tf)= m( 7 (f)) | 7 '(t)| dt 

JO 

> A^ 1 m(x) \y — x\ . 

Finally, if x G tf(AH) by 

mfx) \x — y\ < m(x) p(x,y) < max to p{x,y). 

K(AR) 

This concludes the proof of the proposition. □ 

Proposition 8.3. Let fee a function in C 1 (M d ) such that linx^oo |V^(af)| = 00 
and 1+1 Vy| is tame. Then the metric measure spaces (K d , p v , p v ) and (U. d , p v , p^-u>) 
are locally doubling. 

Proof. Write m(x) = 1 + |V</?(x)| for the sake of brevity. Let B e (x,r) denote the 
Euclidean ball of centre x and radius r in R d . We claim that for every R > there 
exists a constant D(R) such that 

(8.5) DiR)- 1 ^ < e*M < D(R)e*W My G B e (x,R/m(x)). 
Indeed, by the mean value theorem and the fact that to is tame 

\ip(x) - ip(y)\ < max{|V<^(z)| \x-y\: z e B e (x, R/m(x)) } 

< C(R)m(x) \x-y\ 

< C(R)R, 
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whence (jUSJ follows with £>(i?) = q c ( r ) r . Thus for every i? > 
(8.6) 

^(S e (x,r/m(x))) 

^(i?)- 1 e*^ < — f ^ < £>(#) e 1 ^ Vx G K < r < R. 

X[B e (x, r/m(x))J 

Thus (M. d , p v , p v ) is locally doubling, because by Proposition 18.21 there exists a 
constant C (which depends on R but not on r) such that 

B e (x,C _1 r/m(x)) C B(x,r) C B{x,2r) C B e (x,2C r/m(x)) Vr e [0,i?] 

and the Lebesgue measure is doubling. The proof for (IR d , p v , is similar. □ 

Next, we look for sufficient conditions that guarantee that the spaces (M. d , p v , 
and (M. d , p v , p,- v ) satisfy the isoperimetric property. 

Definition 8.4. Let ip be function in C 1 (M d ). We say that (p is admissible if 

(i) there exists t > such that y> is C 2 for |x| > t ; 

(ii) 1 + |Vy?| is tame and 

m / m |Hess(p(x)| 
hm V<^ x) = oo, lim 1 — / |2 " = 0; 

a;— oo x-> oo |V(^(x)| 

(iii) the radial derivative d r ip = t— r • Vy? satisfies 

\x\ 

limbfM > . 

x-»oo |V(/?(x)| 

It is easy to see that the functions |x| Q , with a > 1 are admissible. The function 
e M Q i s no t admissible if a > 1. 

Lemma 8.5. Lettp : [0, oo) — > R fee a continuous function such that ip € C 2 ([ro,oo)) 
/or some To > 0. Assume that 

ib"(r) 

liminf V (r) > 0, lim - v % = 0. 

r-co r-oo (^,/( r )) 

Let h be a positive function in C°([0,oo)) such that 

liminf h(r) ip'(r) > 0. 

r — >oo 

Then for every d > 1 there exists a positive constant C such that 



I 



T-\-a h(r) pT-\-ah(r) 

e Tp(r) r d-i dr > Ca / e* (r V''~ 1 dr VreR + Vae[0,l]. 



Proof. It is clearly enough to prove that 

\-a h{'. 



[ 



r e 



The integral in the right hand side is asymptotic to e^^T d 1 /ip'(r) as t tends to 
infinity, by l'Hopital's rule and the assumptions on ip. Let t\ > To be such that 

(8.7) / c ^W r d-i dr < 2e' / ' (T) ^-4 Vr>n. 

Jo i>'{ T ) 
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The assumptions on tp and h imply that if we choose n sufficiently large there 
exists T] > such that 

ip'ir) > r), h(r) tp' (t) > r] Vr > t 1 . 

Thus, if r > t\ the function tp is increasing. Hence for r > t\ 

^ah(r) 

T d-1 



> 2 a / e^r^dr, 
2 Jo 

where in the last inequality we have used (18. 7|) . It remains to prove the desired in- 
equality for r in [0, t{\. Set mo = min^oo] -^o = m a x [o,ri] an d = mm [o.Ti] h. 
Then for r G [0, n] 

I* r*- 1 dr < e M ° 4 
Jo o 

and 

/r+a h(r) 

> e mo T d ah /n. 

This implies that the desired inequality holds also for r in [0,ti]. □ 

Lemma 8.6. Let tp and h two functions which satisfy the assumptions of Lemma 
\8.5[ Assume further that 

lim (7' — h(r)j = 00. 

r — >oo 

Then for every d > 1 £/iere exisi positive constants C and T such that 

/>oo 

e -VW r d-i dr > Ca / e -v(r) r d-i dr Vr>T VoG[0,l]. 

-ah(r) J r — a h(r) 

Proof. It is clearly enough to prove that 

e-^r*- 1 dr > C a e^'V^dr Vr > T Voe[0,l]. 

T — ah(r) Jt 

The integral in the right hand side is asymptotic to e~^^ T d ~ x / tp' (t) as r tends 
to infinity, by l'Hopital's rule and the assumptions on tp. Thus there exists t\ > ro 
such that 

d-i 

e -ip(r) r d-i dj , < 2e - ,/ ' (T) — — Vr>n. 

V>'(t) 

The assumptions on tp and /i imply that if we choose n sufficiently large there 
exists 77 > such that 

iP'(t)>t), h(r) tp'(r) > 77, rtp'{r)>d-l Vr > n. 
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Note that the last inequality implies that the function r t— * e~^^ r d ~ x is decreasing 
for r > ti. Choose T > t\ such that r — h(r) > n for t > T. Then for t >T 

T 

e -V(r) r d-l dr > e -V(r) r d-l a/l ^ 

— a /i(t) 

1 

> 77 a e~ 



</>'(r) 



DC 



> | o y e -*(r) r d-i dr 

where in the last inequality we have used (|8.8[) . This concludes the proof of the 
lemma. □ 

Theorem 8.7. Suppose that the function tp is admissible. Then 

(i) the measured metric space (R d ,p v ,/i v ) is locally doubling. ^(R d ) = oo, 
and satisfies property (I); 

(ii) the space (R , p v , is locally doubling, /i_ v (R d ) < oo, and satisfies 
property ), /or some &aH £> C R d . 

Proof. Both spaces are locally doubling by Proposition 18.31 It easily follows from 
the assumptions on <p that /i y (R d ) = oo and /j_ v (R d ) < oo. To prove that 
(R d , p v , satisfies also property (I) we must prove that there exists a constant 
C such that for every bounded open set A and every k in [0, 1) 

where we recall that A K = {x £ A : p(x, A c ) < k}. 

Henceforth we shall write m = 1+ |V</?|, for the sake of brevity. Since m is tame 
there exists a constant C\ > 1 such that 

! ^ m(aO ^ ^ lac — 2/1 < 1. 

Let d denote the Euclidean distance in R d and set 

L Ci m{x) J 

We observe that ii x £ A' K , then there exists y in A c such that 

\x-y\< - , r < l 
Gi 771(2:) 

Thus, by (|8.ip . we get that pfz, y) < Ci m(x) \x — y\ < n. Hence A' K C A K and it 
suffices to prove that there exists a constant C such that 

MO > LA). 
For every lu in the unit sphere S 4-1 let denote the measure on R + defined by 

l£{E) = [ c v{r ^r d - 1 dr 

J E 

for every measurable subset E of R+ . 

The functions ip u (r) — (p(ruj) and h u (r) = \/m(ruj) satisfy the assumptions of 
Lemma 18.51 uniformly with respect to to in S 4 ' 1 . Thus for all a S [0, 1] there exists 
a constant C > such that 



.9) ^({t,t + aK{r)) > C a^([0,r + ah^r))) Vr e R+, Vuj e S 
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If F is a measurable subset of M. d let F(cu) denote the set {r £ M+ : rui £ F}. 
If the set (A \ A' K )(ui) is empty then obviously 

U»(A' K (u,))=i%(A(u)). 

Otherwise, set r w = sup(yl \ A' K )(ui). Observe that t u lo £ A \ A' K . Indeed, by the 
definition of t u , there exists a sequence s n — > t w such that s n u> £ A \ A' K . By the 
continuity of m 

d( TuJ uj,A c ) = hW(s„w, A c ) > Urn- — -. = - — -. > 0. 

This implies that t^uj £ A \ A' K . 

The set (A \ A' K )(ui) is obviously contained in the interval [0,r w ). We claim 
that the set A' K (u) contains the interval (t w ,t w + C-f 1 k /i w (r w )) . Indeed, if s £ 
(t u , t u +C]" 1 k ^(t^)) , then iKt^lo, sui) < k/(C\ m(r w tj)) . Hence suj £ A, because 
otherwise t u uj would be in A' K . Since suj (f. A \ A' K by the definition of r w , the claim 
is proved. 

Then, writing a = C-f 1 n for the sake of brevity, using the fact that for every 
positive number 5 the function x i— *■ x/(S + x) is increasing and (|8.9[) . we see that 

(To,)) 



> 



> Ca = CCi L k. 
Thus, integrating in polar coordinates, one has 



^([0,r w )) +fJ%((r u ,T u + ah u {r UJ )) 
f^{(r u ,Tuj +ah u) (T u> )) 
A*£([0; r ^ +ah u (r u )) 



> <7« / dcr(w) 
= Ckh v (A). 

This concludes the proof of property (I) for (M d , p v , fi v ). 

The proof of property (I|j ) for (M. d , p^ v , is similar. The main differences 
are the following 

(i) the set A is a open set contained in the complement of{x€M d :|a;|>r} 
for some T > which depends only on <p\ 

(ii) the definition of r w now is inf (A \ A' K )(ui)\ 

(iii) the set (A \ A' K )(u>) is contained in the interval (r w ,oo) and the set A' K (u>) 
contains the interval (r u — C-f « ^(t w ), t w , ) ; 

(iv) the use of Lemma 18.61 instead of Lemma 18.51 

We omit the details. □ 

Remark 8.8. We point out that the H 1 —BMO theory for the Gaussian space (K d , 7) 
developed in [MM] is a particular case of the theory exposed in the present paper. 
Indeed, 7 = with ip(x) — \x\ . Moreover, in [MMj the family of admissible balls 
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is the set Bj of all Euclidean balls B in M d such that re < min(l, 1/ \ cb\), where 
cb and r\B denote the centre and the radius of B respectively, while the family B\ 
of admissible balls in (R d ,p v , 7) is the set of all balls of radius at most one, with 
respect to the metric ds 2 = (1 + |x|) 2 (dxf + ■ • • + dx 2 d ). By Proposition l8.2[ every 
ball in Bj is contained in a ball in B\ of comparable measure and viceversa. Thus 
the spaces H 1 ^) and BMO(j) defined in |MM] coincide with those defined in the 
present paper. 
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